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N½�n´�«­��|ÜêÆ�{§�±4\¦)?¿���8Ü§½öO�E

Ü¯��VÇ"

1 éN½�n�£ã

1.1 £ã

éN½�n�±£ãXeµ

�O�A�8Ü¿8���§·��kò¤kü�8Ü���O�Ñ5§,�~�

¤kü�8Ü���Ü©§2\£¤kn�8Ü���Ü©§2~�¤ko�8Ü��

�Ü©§�daí§��O��¤k8Ü���Ü©"

1.2 'u8Ü��n

þã£ã�úª/ª�±L«Xeµ

∣∣∣∣∣
n⋃

i=1

Ai

∣∣∣∣∣ =
n∑

i=1

|Ai|−
∑

i,j:1≤i<j≤n

|Ai ∩Aj |+
∑

i,j,k:1≤i<j<k≤n

|Ai ∩Aj ∩Ak|−· · ·+(−1)n−1 |A1 ∩ · · · ∩An| .

§�±���{'�
§·�^B�L¤kAi�8Ü§@oN½�nÒC¤
µ

∣∣∣∣∣
n⋃

i=1

Ai

∣∣∣∣∣ = ∑
C⊆B

(−1)size(C)−1

∣∣∣∣∣⋂
e∈C

e

∣∣∣∣∣ .
ù�úª´dDe Moivre (Abraham de Moivre)JÑ�"

1.3 'u��ã��n

^��ã5L«8ÜA!BÚCµ
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@oA ∪B ∪ C�¡ÈÒ´8ÜA!B!C�g¡È�Ú~�A ∩ B, A ∩ C, B ∩ C�

¡È§2\þA ∩B ∩ C�¡È"

S (A ∪B ∪ C) = S (A)+S (B)+S (C)−S (A ∩B)−S (A ∩ C)−S (B ∩ C)+S (A ∩B ∩ C) .

dd§·���±)ûn�8Ü¦¿�¯K"

1.4 'uVÇØ��n

�¯�Ai(i = 1 . . . n), P (Ai)�Lu),
¯��VÇ£=u)Ù¥����¯�

�VÇ¤§Kµ

P

(
n⋃

i=1

Ai

)
=

n∑
i=1

P (Ai)−
∑

i,j:1≤i<j≤n

P (Ai ∩Aj)

+
∑

i,j,k:1≤i<j<k≤n

P (Ai ∩Aj ∩Ak)− ...+ (−1)n−1P (A1 ∩ ... ∩An)

ù�úª��±^B�LAi�8Üµ

P

(
n⋃

i=1

Ai

)
=
∑
C⊆B

(−1)size(C)−1 · P

(⋂
e∈C

e

)
.

2 éN½�n�y²

·��y²e¡��ªµ

4



∣∣∣∣∣
n⋃

i=1

Ai

∣∣∣∣∣ = ∑
C⊆B

(−1)size(C)−1

∣∣∣∣∣⋂
e∈C

e

∣∣∣∣∣ .
Ù¥B�L�ÜAi�8Ü"

·�I�y²3Ai8Ü¥�?¿��§Ñdm>��ª��Ð\þ
�g£5¿X

J´Ø3Ai8Ü¥���§´Ø¬Ñy3m>��ª¥�¤"

b�k�?¿��3k�Ai8Ü¥£k ≥ 1¤§·�5�yù����Ð�\
�

gµ

• �size(C) = 1�§��x�\
kg"

• �size(C) = 2�§��x�~
C2
kg§Ï�3k�8Ü¥ÀJ2�§Ù¥Ñ�

¹x"

• �size(C) = 3�§��x�\
C3
kg"

• . . .

• �size(C) = k�§��x�\/~
Ck
kg§ÎÒdsign(−1)(k−1)û½"

• �size(C) > k�§��xØ��Ä"

,�·�5O�¤k|Üê�Ú"

T = C1
k − C2

k + C3
k − · · ·+ (−1)i−1 · Ci

k + · · ·+ (−1)k−1 · Ck
k .

d��ª½n§·��±ò§C¤(1− x)k:

(1− x)k = C0
k + C1

k · x− C2
k · x2 + C3

k · x3 + ...+ (−1)k · Ck
k · xk.
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·�rx��1§ù�(1− x)kL«1 − T£Ù¥T�x�\�ogê¤§¤±T =

1− (1− 1)k = 1§y²�."

3 N½�n�A^

N½�n�nØI�ÏL~fâUéÐ�n)"

Äk§·�^n�{ü�~f5�ºù�nØ",�¬?Ø�
E,¯K§ÁwX

Û^N½�n5)û§�"

Ù¥�”Ïé´»ê”´��AÏ�~f§§�N
N½¯Kk��±3õ�ª?E

,ÝS)û§Ø�½I��ê?"

3.1 ��{ü�ü�¯K

d0�9�êi|¤ü�§�¦1��ê�u1§����ê�u8§��kõ�«ü

�º

·��±5O�§�_¯K§=1����≤ 1½ö������≥ 8��¹"

·��1����≤ 1�kX|ü�§������≥ 8�kY|ü�"@oÏLN

½�n5)ûÒ�±�¤µ

|X|+ |Y | − |X ∩ Y |

²L{ü�|Ü$�§·���
(Jµ

2 · 9! + 2 · 9!− 2 · 2 · 8!

,��o�ü�ê10!~§Ò´�ª��Y
"

3.2 £0,1,2¤S�¯K

�Ý�n�dêi0§1§2|¤�S�§�¦z�êi��Ñy1g§ù��S�k
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õ�«º

Ó��§·�=�§�_¯K"�Ò´ØÑyù
êi�S�"

·�½ÂAi (i = 0 . . . 2)L«ØÑyêii�S�ê§@odN½�n§·���T

_¯K�(J�µ

|A0|+ |A1|+ |A2| − |A0 ∩A1| − |A0 ∩A2| − |A1 ∩A2|+ |A0 ∩A1 ∩A2|

�±uyz�Ai��Ñ�2n£Ï�ù
S�¥�U�¹ü«êi¤"
¤k�üü

|ÜAi ∩Aj Ñ�1£§���¹1«êi¤"��§n�8Ü��8�0"£Ï�§Ø�¹

êi§¤±Ø�3¤

�P�·�)û�´§�_¯K§¤±�^oê~K§���ª(Jµ

3n − 3 · 2n + 3 · 1− 0.

3.3 ¦�§�ê)��ê

�Ñ���§µ

x1 + x2 + x3 + x4 + x5 + x6 = 20.

Ù¥0 ≤ xi ≤ 8"

¦ù��§��ê)kõ�|"

·�kØ�n¬xi ≤ 8�^�§5�Ä¤k��ê)��¹"ù�éN´^|

Üê5¦)§·��r20���©¤6|§�Ò´V\5¬”Y�”§,�325� �¥

é5¬”Y�”� �"

N0 = C5
25

,�ÏLN½�n5?Ø§�_¯K§�Ò´xi ≥ 9��)"

7



·�½ÂAk�xk ≥ 9¿�Ù¦xi ≥ 0��8Ü§Ó�·�^þ¡�V\”Y�”{5

O�Ak���§Ï�k9� �®²�xk¤|^
§¤±µ

|Ak| = C5
16

,�O�ü�ù��8ÜAk!Ap��8µ

|Ak ∩Ap| = C5
7

Ï�¤kx�ÚØU�L20§¤±n�½n�±þù��8Ü�´ØUÓ�Ñy�§

§���8Ñ�0"��·�^oê}K^N½�n¤¦_¯K��Y§Ò��
�ª

(Jµ

C5
25 − C1

6 · C6
16 + C2

6 · C5
7 .

£È5µùpqk�Ø§C6
16A�C5

16¤

3.4 ¦�½«mS�np��ê��ê

�Ñ�ênÚr"¦«m[1; r]¥�np��ê��ê"

�)û§�_¯K§¦Ø�np��ê��ê"

�Än�¤k�Ïfpi (i = 1 . . . k)

3[1; r]¥kõ�êU�pi�ØQº§Ò´µ

⌊
r

pi

⌋

,
§XJ·�üXò¤k(J�\§¬���Ø�Y"k
ê�U�ÚOõg

£�ÐA��Ïf�Ø¤"¤±§·��$^N½�n5)û"

·��±^2k��{¦Ñ¤k�pi|Ü§,�O�z«|Ü�pi¦È§ÏLN½�
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n5é(J?1\~?n"

§S¢yµ

int solve (int n, int r) {

vector<int> p;

for (int i=2; i*i<=n; ++i)

if (n % i == 0) {

p.push_back (i);

while (n % i == 0)

n /= i;

}

if (n > 1)

p.push_back (n);

int sum = 0;

for (int msk=1; msk<(1<<p.size()); ++msk) {

int mult = 1,

bits = 0;

for (int i=0; i<(int)p.size(); ++i)

if (msk & (1<<i)) {

++bits;

mult *= p[i];

}

int cur = r / mult;

if (bits % 2 == 1)

sum += cur;

else

sum -= cur;

}

return r - sum;

}

�{�E,Ý�O (
√
n)"

3.5 ¦3�½«mS§U��½8Ü����ê�Ø�ê��ê

�Ñn��êaiÚ�êr"¦3«m[1; r]¥§��U���ai�Ø�êkõ�"
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)ûdK�g´ÚþK�Øõ§O�ai¤U|¤��«8Ü£ùpò8Ü¥ai��

�ú�ê��Øê¤3«m¥÷v�ê��ê§,�|^N½�n¢y\~"

dK¥¢y¤k8Ü�qÞ§I�2n�E,Ý§¦)LcmI�O (n log r)�E,

Ý"

3.6 ¦U÷v�½ê8���iÎG��ê

�Ñn���G§§��Ý�Ó§Ù¥k�
’?’L«����i1",��Ñ��

�êk§¦U�Ð��k���G�iÎG��ê"�?�Ú§¦����k���G�

iÎG��ê"

Äk·�¬uy§·�éN´é�U��¤k��G�iÎG"�I�é'¤k�

�G§�3z��¥éÑy�i1£½öù���´’?’§½öù��Ñy
���i

1§ÄKù��iÎGÒ�3¤§��¤ki1|¤�üc=�¤¦"

y3·�5ÆSXÛ)û1��¯KµU�Ð��k���G�iÎG"

·�3n���G¥ÀÑk�§��8ÜX§ÚO÷v8ÜX¥���iÎGê"¦

)ù�¯K�A^N½�n§éX�¤k�8?1$�§��z�X8Ü�(Jµ

ans (X) =
∑
Y⊇X

(−1)|Y |−k · f (Y )

d?f (Y )�L÷v��8ÜY�iÎGê"

XJ·�ò¤k�ans (X)�\§Ò�±���ª(Jµ

ans =
∑

X:|X|=k

ans (X).

ù�§Ò��
��E,ÝO
(
3k · k

)
�){"

ù��{�±��
U?§Ï�3¦)ans (X)�k
Y8Ü´­E�"

10



£�|^N½�núª�±uy§�À½��Y�§¤kCk
|Y |¥X�(JÑ´�Ó

�§ÙÎÒÑ�(−1)|Y |−k"¤±�±^Xeúª¦)µ

ans =
∑

Y :|Y |≥k

(−1)|Y |−k · Ck
|Y | · f (Y ) .

ù�Ò��
��E,ÝO
(
2k · k

)
�){"

y3·�5¦)1��¯KµU÷v��k����iÎGkõ��"

w,�§·��±^¯K���{5O�÷vk�n�¤k(J"¯K��(Ø�,

¤á§ØÓ�?3uù�¯K¥�XØ´��Ñ�k�§
´≥ k�¤k8Ü"

Xd?1O�§��òf (Y )��,��Ïfµò¤k�ans�Ú§k:aq��ª

Ðmµ

(−1)|Y |−k · Ck
|Y | + (−1)|Y |−k−1 · Ck+1

|Y | + (−1)|Y |−k−2 · Ck+2
|Y | + ...+ (−1)|Y |−|Y | · C|Y ||Y | .

35äNêÆ6(Graham, Knuth, Patashnik. ”Concrete Mathematics” [1998])¥§0�


��Í¶�'u��ªXê�úªµ

m∑
k=0

(−1)k · Ck
n = (−1)m · Ck

n−1.

�âù�úª§�±òc¡�(J?1z{µ

(−1)|Y |−k · C|Y |−k

|Y |−1 .

@o§éuù�¯K§·����
��O
(
2k · k

)
�){µ

ans =
∑

Y :|Y |≥k

(−1)|Y |−k · C|Y |−k

|Y |−1 · f (Y ) .

11
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3.7 ´»�ê8¯K

3��n ×m���
¥§kk��f´Ø�B��p"�m©3�f(1, 1)£��

e���f¤¥k��Åì<"ù�Åì<�U�þ½�m1?§��§ò�� u�

f(n,m)�<fp§ÙmØU²LæNÔ�f"¦��kõ�«´��±��ª:"

�
�B«©¤kæNÔ�f§·�ïá�IX§^(x, y)L«�f��I"

Äk·��ÄvkæNÔ��ÿµ�Ò´XÛ¦l��:�,��:�´»ê"X

Jl��:3�����rx��f§3,�����ry��f§@oÏL{ü�|Ü

�n�±��(J�µ

Cx
x+y

y35�ÄkæNÔ���¹§·��±|^N½�nµ¦Ñ��²L��æNÔ

��´»ê"

éuù�~f§\�±qÞ¤kæNÔ�f8§��I��²L�§O�²LT8

ÜæNÔ�´»ê£¦l�:�1��æNÔ�´»ê!1��æNÔ�1��æNÔ

�´»ê. . .��éù
´»ê¦¦È¤§,�ÏLN½�n§éù
(J�\{½~

{"

,
§§´���õ�ª�){§E,ÝO
(
2k · k

)
"e¡·�ò0���õ�ª�

){"

·�$^Ä�5yµ-d[i][j]�Ll1i�:�1j�:§Ø²L?ÛæNÔ��´»

ê£�,Ø
iÚj¤"@o·�o�I�k + 2�:§�)k�æNÔ:±9å:Úª:"

Äk·��Ñli:�j:�¤k´»ê§,�~K²LæNÔ�@
”�”�´

�"4·�wwXÛO�”�”�´�µqÞiÚj�m�¤kæNÔ:i < l < j§@

oli�j�”�”´»êÒ´¤kd[i][l]Úd[l][j]�¦È��¦Ú"2�o´»ê~KÒ

12



´d[i][j]�(J"

·�®²��O�o´»ê�E,Ý�O (k)§@oT){�oE,Ý�O
(
k3
)
"

£È5µ�,�kO (nm)�DP){§�ân,m, k���±æ�·��){¤

3.8 ¦�êo�|��ê

�Ñn�êa1, a2, . . . , an§lÙ¥ÀÑ4�ê§¦§����ú�ê�1§¯o�k

õ�«�{"

·�)û§�_¯Kµ¦��ú�êd > 1�o�|��ê"

$^N½�n§ò¦��éuz�d�o�|�ê�(J?1\~"

ans =
∑
d≥2

(−1)deg(d)−1 · f (d) .

Ù¥deg(d)�Ld��Ïf�ê§f(d)�Lo�êÑU�d�Ø�o�|��ê"

¦)f(d)�§�I�|^|Ü�{§¦l¤k÷v�d�Ø�ai¥À4���{ê"

,�|^N½�n§ÚOÑ¤kU����ê�Ø�o�|�ê§,�~K¤kU

�ü��ê�Ø�o�|�ê§2\þ�n��ê�Ø�o�|�ê. . .

3.9 ¦Ú9ên�|��ê

�Ñ���ên ≤ 106"ÀÑa, b, c(2 ≤ a < b < c ≤ n)§|¤Ú9n�|§=µ

• ½ö÷vgcd (a, b) > 1§gcd (a, c) > 1§gcd (b, c) > 1

• ½ö÷vgcd (a, b) = gcd (a, c) = gcd (b, c) = 1

Äk§·��Ä§�_¯Kµ�Ò´ØÚ9n�|��ê"

,�§·��±uy§3z�ØÚ9n�|�n���¥§·�ÑUé��Ðü�

��÷vµ§�����p�§¿��,����Øp�"

13



¤±§·��IqÞ2�n�¤kê§òz�ê��Ùp��ê��êÚ�ÙØp�

�ê��ê�¦§��¦Ú¿Ø±2§Ò´�¦�_¯K��Y"

y3·���Äù�¯K§XÛ¦�2�nù
êp�£Øp�¤�ê��ê"�,

¦)���êp�ê��ê�){3c¡®²J�L
§�3d¿ØÜ·§Ï�y3�

¦2�n¤kê�(J§©O¦)w,�Ç�$"

¤±§·�I����¯��{§�±�g�Ñ2�n¤kê�(J"

3ùp§·��±¦^U?�D.÷ÚZç{"

• Äk§éu2�n�¤kê§·�����¤§��ê¥´Äkgê�u1�§�


A^N½�n§·��k��§�dõ�«ØÓ��ê�¤"

éuù�¯K§·�½Âê|deg[i]µL«idõ�«ØÓ�ê�¤§±9good[i]µ

��true½false§L«i�¹�ê�gê�u�u1´Ä¤á"

2|^D.÷ÚZç{§3H{�,��êi�§qÞ§32�n��S�¤k

�ê§�#ù
�ê�deg[]�§XJk�ê�¹
õ�i§@oÒrù��ê

�good[]�D�false"

• ,�§|^N½�n¦Ñ2�nz�ê�cnt[i]µ32�n¥Ø�ip��ê��ê"

£�N½�n�úª§§¤¦�8Ü´Ø¬�¹­E���"�Ò´XJù�8

Ü�¹�,��êõu�g§§�ØA2��Ä"

¤±�k���êi÷vgood[i] = true�§§â¬�^uN½�n"qÞi�¤k

�êi× j§@oéui× j§ÒkN
i
��i× jÓ��¹i£�ê8Ü¤�ê"òù


(J?1\~§ÎÒddeg[i]£�ê8Ü���¤û½"XJdeg[i]�Ûê§@o

·��^\Ò§ÄK^~Ò"

§S¢yµ
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bool good[MAXN];

int deg[MAXN], cnt[MAXN];

long long solve() {

memset (good, 1, sizeof good);

memset (deg, 0, sizeof deg);

memset (cnt, 0, sizeof cnt);

long long ans_bad = 0;

for (int i=2; i<=n; ++i) {

if (!good[i]) continue;

if (deg[i] == 0) deg[i] = 1;

for (int j=1; i*j<=n; ++j) {

if (j > 1 && deg[i] == 1)

if (j % i == 0)

good[i*j] = false;

else

++deg[i*j];

cnt[i*j] += (n / i) * (deg[i]%2==1 ? +1 : -1);

}

//ans_bad += (g[i] - 1) * 1ll * (n - g[i]);

ans_bad += (cnt[i] - 1) * 1ll * (n - cnt[i] - 1);

}

//return n * 1ll * (n-1) * (n-2) / 6 - ans_bad / 2;

return (n-1) * 1ll * (n-2) * (n-3) / 6 - ans_bad / 2;

}

(È5µ�©�§Sk�
¯K§·é§�
�
UÄ"UÄ�c��è�5ºÜ

©")

�ª�{�E,Ý�O (n logn)§Ï�éu�Ü©iÑ�?1n
i
gqÞ"
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3.10 �ü¯K

·���y²Xe�¦)�Ý�nS���üê�úªµ

n!− C1
n · (n− 1)! + C2

n · (n− 2)!− C3
n · (n− 3)! + · · · ± Cn

n · (n− n)!.

§�Cq(J�µ

n!

e

£d	§XJòù�Cqª�(J�Ù�C��ê�\§\Ò�±��O((J¤

·�½ÂAkµ3�Ý�n�S�¥§k��ØÄ: ��k(1 ≤ k ≤ n)��S�8

Ü"

y3·�$^N½�n5O����¹k��ØÄ:�ü�ê§�O�ù�§·�

7Lk�Ñ¤kAk!±9§���8�ü�ê"

|Ap| = (n− 1)!.

|Ap ∩Aq| = (n− 2)!.

|Ap ∩Aq ∩Ar| = (n− 3)!.

Ï�·����kx�ØÄ:�§¤kØÄ:� �´�½�§
Ù§:�±?¿

ü�"

^N½�né(J?1�\§
ln�:¥Àx�ØÄ:�|Üê�Cx
n§@o��

�¹��ØÄ:�ü�ê�µ

C1
n · (n− 1)!− C2

n · (n− 2)! + C3
n · (n− 3)! + · · · ± Cn

n · (n− n)!.
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@oØ�¹ØÄ:£=�üê¤�(JÒ´µ

n!− C1
n · (n− 1)! + C2

n · (n− 2)!− C3
n · (n− 3)! + · · · ± Cn

n · (n− n)!.

z{ù�ªf§·���
�üê�O(ªÚCqªµ

n!

(
1− 1

1!
+

1

2!
− 1

3!
+ ...± 1

n!

)
≈ n!

e

£Ï�)Ò¥´e−1��VÐmª�cn+ 1�¤

^ù�ªf��±)û�
aq�¯K§XJy3¦km�ØÄ:�ü�ê§@o

·��±éþª?1?U§�Ò´ò)Ò¥�\\� 1
n!
U¤\\� 1

(n−m)!
"

4 3OJ��'K8

ùp�Ñ
�
�±^N½�n)û�SK"

• UVA #10325 ”The Lottery” [JÝµ{ü]

• UVA #11806 ”Cheerleaders” [JÝµ{ü]

• TopCoder SRM 477 ”CarelessSecretary” [JÝµ{ü]

• TopCoder TCHS 16 ”Divisibility” [JÝµ{ü]

• SPOJ #6285 NGM2 ”Another Game With Numbers” [JÝµ{ü]

• TopCoder SRM 382 ”CharmingTicketsEasy” [JÝµ¥�]

• TopCoder SRM 390 ”SetOfPatterns” [JÝµ¥�]

• TopCoder SRM 176 ”Deranged” [JÝµ¥�]

• TopCoder SRM 457 ”TheHexagonsDivOne” [JÝµ¥�]
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http://uva.onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1266
http://uva.onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=2906
http://www.topcoder.com/stat?c=problem_statement&pm=10875
http://community.topcoder.com/stat?c=problem_statement&pm=6658&rd=10068
http://www.spoj.pl/problems/NGM2/
http://community.topcoder.com/stat?c=problem_statement&pm=8470
http://www.topcoder.com/stat?c=problem_statement&pm=8307
http://community.topcoder.com/stat?c=problem_statement&pm=2013
http://community.topcoder.com/stat?c=problem_statement&pm=10702&rd=14144&rm=303184&cr=22697599


• SPOJ #4191 MSKYCODE ”Sky Code” [JÝµ¥�]

• SPOJ #4168 SQFREE ”Square-free integers” [JÝµ¥�]

• CodeChef ”Count Relations” [JÝµ¥�]

5 ë�©z

Debra K. Borkovitz. ”Derangements and the Inclusion-Exclusion Principle”

18

http://www.spoj.pl/problems/MSKYCODE/
http://www.spoj.pl/problems/SQFREE/
http://www.codechef.com/JAN11/problems/COUNTREL/
http://faculty.wheelock.edu/dborkovitz/articles/ngm6.htm
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